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MCDIT 2 1  
A COMPUTER CODE 
FOR 
ONE-DIMENSIONAL ELASTIC WAVE PROBLEMS 
R i c h a r d  W. Mor t imer  
a n d  
James F. Hoburg 
ABSTRACT 
A g e n e r a l  p u r p o s e  c o m p u t e r  c o d e  f o r  s o l v i n g  o n e - d i m e n s i o n a l  
e l a s t i c  wave p r o b l e m s  i s  p r e s e n t e d .  The c o d e  i n v o l v e s  t h e  a p p l i c a t i o n  
of t h e  me thod  of  c h a r a c t e r i s t i c s  t o  t h e  d i s p l a c e m e n t  g o v e r n i n g  d i f f e r e n t i a l  
e q u a t i o n s  of  m o t i o n  of t h e  s t r u c t u r e s .  Some of t h e  s t r u c t u r e s  w h i c h  c a n  
b e  a n a l y z e d  by t h i s  p r o g r a m  i n c l u d e  s h e l l s ,  M i n d l i n  p la tes ,  b a r s ,  a n d  
Timoshenko beams ;  s u b r o u t i n e s  f o r  t h e s e  s t r u c t u r e s  h a v e  b e e n  p r e w r i t t e n  
f o r  t h e  u s e r .  
w h i c h  may be s p e c i f i e d  as  s t e p ,  ramp, e x p o n e n t i a l ,  a n d  s i n u s o i d a l  t i m e  
f u n c t i o n s ;  t h e s e  h a v e  a l s o  b e e n  p r e w r i t t e n  f o r  t h e  u s e r .  D e t a i l e d  
i n s t r u c t i o n s  f o r  t h e  u s e  of t h e  p r o g r a m ,  i t s  c o m p u t a t i o n a l  p r o c e d u r e ,  
and  i t s  l i m i t a t i o n s  are g i v e n .  An example i n v o l v i n g  t h e  i m p a c t i n g  of 
a c o n i c a l  s h e l l  is  i n c l u d e d .  
The  c o d e  i s  c a p a b l e  o f  h a n d l i n g  b o u n d a r y  c o n d i t i o n s  
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I. INTRODUCTION 
I n  Ref. [l], Chou and Mortimer showed tha t  a l a r g e  number of e las t ic  
wave problems involv ing  one space v a r i a b l e  may be  t r e a t e d ,  i n  a u n i f i e d  
manner, by a system of second-order hyperbolic p a r t i a l  d i f f e r e n t i a l  
equat ions .  The dependent v a r i a b l e s  of t h i s  system w e r e  seen  t o  b e  t h e  
genera l ized  displacements;  t h e  c o e f f i c i e n t s  appear ing  i n  t h e  equat ions  
were func t ions  of t h e  s p a t i a l  v a r i a b l e s .  
analyzed by t h e  method of c h a r a c t e r i s t i c s ,  y i e ld ing  c losed  form equat ions  
T h i s  system of n equat ions  w a s  
f o r  t h e  phys ica l  c h a r a c t e r i s t i c s ,  t h e  c h a r a c t e r i s t i c  equat ions ,  and t h e  
propagat ion  of d i s c o n t i n u i t i e s .  Among t h e  e l a s t i c  wave problems t h a t  
may be r ep resen ted  by t h i s  un i f i ed  approach are s t r u c t u r e s  such as 
s h e l l s ,  Mindl in  p l a t e s ,  b a r s ,  and Timoshenko beams. 
The purpose of t h i s  r e p o r t  i s  t o  desc r ibe  MCDIT 21 ,  a gene ra l  
purpose computer code (or  program), designed t o  s o l v e  e las t ic  wave problems 
which may be represented  by t h i s  u n i f i e d  approach. 
is capable  of so lv ing  wave problems governed by one, two, o r  t h r e e  coupled,  
second-order hyperbol ic  d i f f e r e n t i a l  equat ions involv ing  one o r  two d i s t i n c t  
wave speeds.  A f a m i l i a r i t y  wi th  Refs .  [l] and [ 2 ]  w i l l  a i d  t h e  reader  i n  
unders tanding  t h e  t h e o r e t i c a l  a s p e c t s  of the  method of c h a r a c t e r i s t i c s  and 
t h e  numerical  procedure u t i l i z e d  i n  t h i s  program. 
I n  gene ra l ,  t h i s  program 
Th i s  program o f f e r s  t h e  use r  two a l t e r n a t i v e s  f o r  so lv ing  problems. 
F i r s t ,  sub rou t ines  f o r  some common s t r u c t u r e s ,  such as c o n i c a l  and c y l i n d r i c a l  
s h e l l s ,  b a r s ,  Timoshenko beams, e tc . ,  (see F ig .  1) have been p rewr i t t en ,  so 
t h e  u s e r  need spec i fy  only  t h e  s t r u c t u r e ,  dimensions, e las t ic  cons t an t s ,  and 
type  of boundary load ings  (e.g. s t e p ,  r a m p ,  s i n u s o i d a l ,  e t c . ) .  Second, f o r  
o t h e r  e las t ic  wave problems t h e  u s e r  must w r i t e  t h e  sub rou t ines  which spec i fy  
t h e  c o e f f i c i e n t s  of t h e  governing equations and/or  t h e  boundary loading  
func t ions .  
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This r e p o r t  begins  wi th  a d e s c r i p t i o n  of t h e  gene ra l  c a p a b i l i t i e s  
of MCDIT 21. The d e t a i l s  of t h e  c a l c u l a t i o n  procedures  used by t h e  
program are then  given. I n s t r u c t i o n s  f o r  t h e  use  of M C D I T  21 f o r  so lv ing  
spec i f i c  e l a s t i c  wave problems then  fol low.  Appendix A i s  a l i s t i n g  of 
t h e  MCDIT 2 1  Main Program Deck. Appendices B and C i nc lude  t h e  l i s t i n g s  
of the  p rewr i t t en  sub rou t ines  t o  be used f o r  t h e  common s t r u c t u r e s ,  
and the boundary loading  func t ions  ( s t e p ,  ramp, e t c . ) .  I n s t r u c t i o n s  f o r  
wr i t ing  subrou t ines  f o r  those  s t r u c t u r e s  o r  boundary loadings  which have 
no t  been p rewr i t t en  are included i n  Appendix D .  Appendix E i nc ludes  t h e  
c h a r a c t e r i s t i c  and c o n t i n u i t y  equat ions  used i n  t h e  method of c h a r a c t e r i s t i c s  
so lu t ion .  The a p p l i c a t i o n  of M C D I T  2 1  t o  an  impacted c o n i c a l  s h e l l  and t h e  
de t a i l ed  inpu t  r equ i r ed  f o r  t h i s  example are presented  i n  Appendix F. 
A l l  runs  of MCDIT 21 have been t e s t e d  on an I B M  360, Model 65, computer 
w i th  running t i m e s  of approximately 2.5 minutes  f o r  M = 150. 
0 
2 
I1 GENERAL CAPABILITIES O F  MCDIT 21 
The MCDIT 2 1  program is  capable  of solving e las t ic  wave problems whose 
governing equat ions  a r e  of t h e  fol lowing forms: 
2 2 
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where u u and u are genera l ized  displacements. The wave speeds c and 
c 
The c o e f f i c i e n t s  f l . . . f6 ,  g1 
t h e  u s e r  may spec i fy .  
1' 2' 3 1 
must b e  d i s t i n c t  and are considered a s  known (and cons t an t )  wi th  c1 > c 
2' 2 
and h ..... h, are func t ions  of x which ' O g 6  ' 1 
Common S t r u c t u r e s  whose governing equations are i n  t h e  form of eqs. (11-l), 
(11-2), and (11-3) are l i s t e d  i n  Fig. 1 under S t r u c t u r e  choice.  The governing 
equa t ions  of t h e  c y l i n d r i c a l  and s p h e r i c a l  d i l a t a t i o n ,  and t h e  r o t a r y  and 
l o n g i t u d i n a l  s h e a r s  are i n  t h e  form of  eq. (11-1). The beam, p l a t e ,  ba r ,  
3 
and sheet s t r u c t u r e s  have governing equat ions  of t h e  form of eqs .  (11-2): 
t h e  s h e l l  s t r u c t u r e s  are  i n  t h e  form of eqs .  (11-3). Each of t h e  sub- 
rou t ines  spec i fy ing  t h e  governing equat ions  of t h e s e  t h i r t e e n  s t r u c t u r e s  
have been p rewr i t t en  f o r  t h e  MCDIT 2 1  program. 
In t h i s  s e c t i o n  w e  w i l l  d i s c u s s  t h e  most gene ra l  case, equat ions  (11-3), 
s i n c e  problems governed by e i t h e r  of equat ions  (11-1) or (11-2) can be 
considered as s p e c i a l  cases of (11-3). 
Referr ing t o  equat ions  (11-3), w e  see t h a t  s i x  i n i t i a l  cond i t ions  and 
s i x  boundary cond i t ions  are r equ i r ed  i n  order  t o  o b t a i n  a s o l u t i o n .  The 
MCDIT 2 1  program t r e a t s  problems involv ing  zero  i n i t i a l  cond i t ions  and 
semi - in f in i t e  mediums, t he re fo re ,  only t h r e e  boundary cond i t ions  need be  
spec i f i ed  ( r e g u l a r i t y  w i l l  be  r equ i r ed  a t  i n f i n i t y ) .  These cond i t ions  
are  spec i f ied  by t h e  user  a long t h e  p e r t i n e n t  boundary l i n e ,  x = x i n  
t h e  following form: 
0’ 
1 
a u  
3 + A u + A, at = b l ( t )  + A  u + A 5  ax au 
6 3  
au l  a u 2  
Al ax + A2U1+ A3 ax 4 2  
au a u  
2 - b 2 ( t >  (11-4) 2 
au au 
1 + B u + B  - 3 + B u + B 7 ~ -  6 3  
B1 ax + B 2 U 1 +  B3 ax 4 2  5 a x  
- b 3 ( t >  a u 3  + c u + c, at a u 3  + c4u2+ c5 ax 
au 
6 3  + c2u1+ c3 
au1 ax 
where A1 . . . .A , ,  B 1 . . . . B 7 ,  C 1 . . . . C 7  are c o n s t a n t s  and b l ( t ) ,  b 2 ( t ) ,  and 
b ( t )  are func t ions  of t i m e  a t  x = x . Five boundary cond i t ion  t i m e  
func t ions  have been p rewr i t t en  f o r  MCDIT 21 and are l i s t e d  i n  F ig .  1. 
With t h e  governing equat ions  ( i n  t h e  form of 11-3) s t i p u l a t e d ,  and t h e  
boundary cond i t ions ,  (11-4), t oge the r  w i th  t h e  ze ro  i n i t i a l  cond i t ions  
prescr ibed ,  t h e  mathematical  system may be  so lved .  This  s o l u t i o n  i s  
3 0 
obtained by u t i l i z i n g  t h e  method of c h a r a c t e r i s t i c s  t o  determine t h e  va lues  
4 
a t  , and - au3 au ,  a u l  au2 au2  au3 
9 u3, ax a t  a x  a t  u 2 7  ax a t  - -  of t h e  q u a n t i t i e s  u l ,  - 
t h e  mesh p o i n t s  (dots )  of t h e  network i n  t h e  phys ica l  (x,  c l t )  p lane  
dep ic t ed  i n  F ig .  2 .  
i n  Refs. [ l ]  and [ 2 ] .  
- 
Deta i led  c m s t r u c t i o n  of t h i s  network i s  d iscussed  
The method of c h a r a c t e r i s t i c s  can s o l v e  problems involv ing  d i s c o n t i n u i t i e s  
of q u a n t i t i e s  which are func t ions  of t h e  di-splacement d e r i v a t i v e s  (e .8 .  stresses 
and v e l o c i t i e s ) .  A d e t a i l e d  and mathematical d i scuss ion  of d i s c o n t i n u i t i e s ,  
t h e  equat ions  governing t h e  magnitude of d i s c o n t i n u i t i e s  as  they  propagate ,  
and t h e  speed wi th  which d i s c o n t i n u i t i e s  propagate i s  conta ined  i n  Ref .  [ l ]  
and at and t h e  d e t a i l s  w i l l  no t  be repea ted  here .  I f  d i s c o n t i n u i t i e s  i n  - 
occur ,  r e s p e c t i v e l y ,  a t  po in t  A (Fig.  2 )  they  w i l l  propagate  and - o r  - 
a long  l i n e  AB, h e r e a f t e r  known as t h e  f i r s t  d i s c o n t i n u i t y  l i n e .  
i f  d i s c o n t i n u i t i e s  i n  - and - au3  occur a t  po in t  A ,  they  w i l l  propagate  
a long  l i n e  AC, h e r e a f t e r  known as t h e  second d i s c o n t i n u i t y  l i n e .  Any of t h e s e  
d i s c o n t i n u i t i e s  (or  combination) are r e a d i l y  handled by t h i s  program. 
au l  au l  
ax 
au2 
a t  
au2 
a x  
S imi l a r ly ,  
a t  a x  
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I11 METHODS OF CALCULATION I N  MCDIT 21 
The method of c a l c u l a t i n g  t h e  v a r i a b l e s  a t  o rd ina ry  mesh p o i n t s  c o n s i s t s  
e s s e n t i a l l y  of so lv ing  a system of s imultaneous equat ions  f o r  a corresponding 
number of v a r i a b l e s .  The computat ional  procedure can b e s t  be descr ibed  wi th  
t h e  a i d  of Figure  2 ;  t h e  d e t a i l s  of equat ions  and a u x i l i a r y  cond i t ions  t o  b e  




3 .  
4 .  
5. 
From t h e  i n i t i a l  cond i t ions  and boundary cond i t ions  t h e  va lues  
of t h e  n i n e  v a r i a b l e s  u l ,  au l / ax ,  a u , / a t  .... a u 3 / a t  are known 
a t  p o i n t s  2 and 1. The va lues  of t h e  v a r i a b l e s  a t  po in t  3 are 
then  computed through a s imultaneous s o l u t i o n  of t h e  governing 
c h a r a c t e r i s t i c  equat ions  and boundary cond i t ions .  
1 c h a r a c t e r i s t i c  The computation then  proceeds t o  t h e  - = - 
l i n e  through p o i n t  4 .  
known now a t  p o i n t s  3 ,  2 ,  and 4 .  The va lues  of t h e  n ine  
v a r i a b l e s  are then  computed a t  po in t  5. 
With t h e  va lues  of t h e  n ine  v a r i a b l e s  known a t  p o i n t s  3 and 
5,  t h e  v a r i a b l e s  are computed a t  po in t  6 through a s imultaneous 
s o l u t i o n  of t h e  governing c h a r a c t e r i s t i c  equat ions  and boundary 
cond i t ions .  
dx The computation then  proceeds t o  t h e  - c l d t  
l i n e  through p o i n t  7 .  
p o i n t s  5,  4 ,  and 7 ,  t h e  va lues  are then  computed a t  p o i n t  8.  
This  process  cont inues  by so lv ing  f o r  t h e  va lues  of t h e  v a r i a b l e s  
a t  p o i n t s  8 ,  9 ,  and 10, r e s p e c t i v e l y .  Again, t h e  computation 
s h i f t s  t o  t h e  nex t  - = - 1 c h a r a c t e r i s t i c  l i n e  and so lves  f o r  
t h e  va lues  of t h e  v a r i a b l e s  a t  t h e  mesh p o i n t s  a long  t h i s  l i n e  
(e .g . ,  1 2 ,  13,  14 and 15) .  Th i s  procedure con t inues  u n t i l  t h e  
1 c h a r a c t e r i s t i c  through t h e  M v a l u e s  a long  t h e  - = - 
po in t  on AB are obta ined .  
dx 
c1 d t  
The va lues  of t h e  n i n e  v a r i a b l e s  are 
= - 1 C h a r a c t e r i s t i c  
Knowing t h e  v a l u e s  of t h e  v a r i a b l e s  a t  
dx 
c l d t  
t h  
0 
dx 
c l d t  
6 
The a c t u a l  program c o n s i s t s  of a main program and s e v e r a l  sub rou t ines  
( s e e  f i g u r e  3 ) .  
f i r s t  l e v e l  and t h e  second l e v e l  sub rou t ines .  Each of t h e  f i r s t  l e v e l  s u b r o u t i n e s  
i s  used t o  e v a l u a t e  one of t h e  d i f f e r e n t  t ypes  of p o i n t s  i n  t h e  p h y s i c a l  p l ane .  
The second l e v e l  sub rou t ines  are gene ra l  i n  nature.  The i r  purpose i s  t o  d e f i n e  
q u a n t i t i e s  o r  perform t a s k s  which are needed for  more t h a n  one type  of p o i n t  i n  
t h e  p h y s i c a l  plane.  
t h e  t y p e  of problem o r  boundary cond i t ions  being s p e c i f i e d .  
s imultaneous s o l u t i o n  subrou t ine  is used t o  solve a system of s imultaneous 
equa t ions  f o r  each new po in t  a t  which unknowns must be determined. I ts  form 
remains unchanged f o r  a l l  problems. Th i s  t ype  of sub rou t ine  i s  termed i n v a r i a n t .  
Other second l e v e l  sub rou t ines  are used t o  de f ine  t h e  problem and boundary 
c o n d i t i o n s  t o  be run.  Thus, t h e s e  sub rou t ines  a r e  completely dependent upon 
t h e  n a t u r e  of t h e  p a r t i c u l a r  r u n  d e s i r e d  and a re  termed use r - spec i f i ed .  
These sub rou t ines  may be  divided i n t o  two s e p a r a t e  l e v e l s ;  t h e  
Some second l e v e l  subrout ines  remain t h e  same r e g a r d l e s s  of 
For example, t h e  
For each new p o i n t  t h e  main program decides t h e  p o i n t  t ype  and ca l l s  t h e  
corresponding f i r s t  l e v e l  sub rou t ine .  Each f i r s t  l e v e l  sub rou t ine ,  i n  t u r n ,  
c a l l s  those  second l e v e l  sub rou t ines  necessary t o  e v a l u a t e  q u a n t i t i e s  a t  t h e  
new po in t  ( s e e  f i g u r e  3 ) .  A d e s c r i p t i o n  of each of t h e  second l e v e l  sub rou t ines ,  
followed by a d e s c r i p t i o n  of t h e  main program and f i r s t  l e v e l  sub rou t ines  fol lows.  
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Second Level Subrout ines  
Boundary Condition T i m e  Functions Subrout ine (user  s p e c i f i e d 1  
T h i s  sub rou t ine ,  which a c t u a l l y  c o n s i s t s  of t h r e e  F o r t r a n    SUBROUTINE"^, 
b2 ,  and b i s  used t o  s p e c i f y  t h e  3 f u n c t i o n s  b , ,  
s i d e s  of t h e  3 boundary cond i t ion  equa t ions .  
which form t h e  right-hand 
Any f u n c t i o n  of t may b e  s p e c i f i e d  
3 
f o r  each of t h e  t h r e e .  
D i scon t inu i ty  Values Subrout ine (use r  s p e c i f i e d )  
T h i s  sub rou t ine ,  which a c t u a l l y  c o n s i s t s  of two F o r t r a n  "SUBROUTINE"S, 
a u ,  au ,  au2 
ax  a t  a x  i s  used t o  s p e c i f y  t h e  va lues  of t h e  d i s c o n t i n u i t i e s  i n  - - -, and 
which occur a long t h e  f i r s t  d i s c o n t i n u i t y  l i n e  and t h e  v a l u e s  of t h e  - a u 2  
au- au, a t  
and which occur a long  t h e  second d i s c o n t i n u i t y  l i n e .  a t  d i s c o n t i n u i t i e s  i n  
Any func t ion  of x may be  s p e c i f i e d  f o r  each of t h e  s i x  d i s c o n t i n u i t i e s .  
ax 
Governing Equation C o e f f i c i e n t  D e f i n i t i o n s  Subrout ine (use r  s p e c i f i e d )  
T h i s  sub rou t ine ,  which a c t u a l l y  c o n s i s t s  of t h r e e  F o r t r a n  "SUBROUTINE"s, 
i s  used t o  spec i fy  t h e  c o e f f i c i e n t s  f l .  .. . f 6 ,  g , .  . . .g6,  and h , .  . . .h6 i n  t h e  
governing d i f f e r e n t i a l  equat ions .  
of t h e  18 c o e f f i c i e n t s .  
Any f u n c t i o n  of x may be  s p e c i f i e d  f o r  each 
P r i n t o u t  Q u a n t i t i e s  Subrout ine (user  s p e c i f i e d )  
This sub rou t ine ,  which c o n s i s t s  of one F o r t r a n  "SUBROUTINE", i s  used 
t o  spec i fy  t h e  output  d e s i r e d .  
p o i n t s  and/or any f u n c t i o n s  of t hose  q u a n t i t i e s  a t  any of t h e  mesh p o i n t s  may 
Any of t h e  q u a n t i t i e s  c a l c u l a t e d  a t  t h e  mesh 
be pr in ted  o u t ,  a s  s p e c i f i e d  by t h i s  sub rou t ine .  
So lu t ion  Matr ix  Subrout ine ( i n v a r i a n t )  
T h i s  sub rou t ine  sets up t h e  c o e f f i c i e n t s  of t h e  s o l u t i o n  ma t r ix  f o r  t h e  
q u a n t i t i e s  a t  c e r t a i n  types  of p o i n t s  t o  b e  evaluated i n  terms of known 
q u a n t i t i e s  a t  p o i n t s  p rev ious ly  eva lua ted .  
Simultaneous So lu t ion  Subrout ine ( i n v a r i a n t )  
This sub rou t ine  uses  t h e  s o l u t i o n  m a t r i x  t o  s o l v e  t h e  simultaneous 
equat ions  at  t h e  p o i n t s  t o  be  eva lua ted .  
a 
Main Program and F i r s t  Level Subrout ines:  
The main program begins  by reading  i n  the v a l u e s  of Mo, xo, Ax, c l ,  c2, 
A l  ... A7, B1...B 
lists, a t  t h e  beginning of t h e  output ,  a l l  of t h e  q u a n t i t i e s  read  i n .  The main 
program then  begins  c a l l i n g  f i r s t  l e v e l  subrout ines  depending upon t h e  type  
of p o i n t  t o  b e  eva lua ted  next.  
and C1...C7 from t h e  d a t a  cards. A pre l imina ry  p r i n t o u t  t hen  7’ 
All f i r s t  l e v e l  sub rou t ines  are i n v a r i a n t .  
F i r s t  Po in t  Subroutine 
The f i r s t  p o i n t  sub rou t ine  is used t o  c a l c u l a t e  t h e  q u a n t i t i e s  a t  p o i n t  1 
i n  F igu re  4 (or  p o i n t  3 i n  Fig.  2 ) .  The subrout ine  i s  c a l l e d  only once, at 
t h e  beginning of e v a l u a t i o n  of q u a n t i t i e s  i n  the phys ica l  plane.  This  t y p e  
of p o i n t  can occur only  a t  t h e  beginning of  eva lua t ion ,  s i n c e  i t  invo lves  both  
t h e  c r o s s i n g  of t h e  second d i s c o n t i n u i t y  l i n e  (2-5) and t h e  s a t i s f a c t i o n  of 
boundary cond i t ions  ( a t  po in t  1) a s  shown i n  Fig. 4 .  For such a po in t  t o  
occur more than  once, t h e  s l o p e  of t h e  second d i s c o n t i n u i t y  l i n e  i n  t h e  
phys ica l  (x, c l t )  p l ane  must exceed t h e  va lue  of 3. 
equipped t o  handle  such a case.  
Th i s  program is no t  
To c a l c u l a t e  t h e  q u a n t i t i e s  a t  p o i n t  1 of F ig .  4 ,  one needs t h e  
informat ion  a t  p o i n t  2. It is, however, n o t  poss ib l e  t o  s o l v e  f o r  t h e  q u a n t i t i e s  
a t  p o i n t  2 independent ly  of t hose  a t  po in t  1, s i n c e  q u a n t i t i e s  a t  po in t  6 
must be  used i n  t h e  c a l c u l a t i o n  of t hose  a t  point 2. Q u a n t i t i e s  a t  po in t  6 
must be  expressed,  us ing  a l i n e a r  i n t e rpo la t ion ,  i n  terms of those  a t  p o i n t  
5 and t h e  unknowns a t  p o i n t  1. 
evalua ted  s imultaneously.  A t o t a l  of 18  unknowns e x i s t :  
Thus, t h e  q u a n t i t i e s  a t  p o i n t s  1 and 2 are 
9 a t  p o i n t  1 and 
9 a t  p o i n t  2. The 18 needed equat ions  a r e  obtained as fo l lows:  
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k 
2 c h a r a c t e r i s t i c  equa t ions  along 1-2.  
1 c h a r a c t e r i s t i c  equat ion  along 1-7. 
2 c h a r a c t e r i s t i c  equa t ions  along 2-3. 
1 c h a r a c t e r i s t i c  equat ion  along 2-4. 
2 c h a r a c t e r i s t i c  equat ions  along 2-6. 
1 c h a r a c t e r i s t i c  equasion along 2-5. 
3 c o n t i n u i t y  equat ions  along 1-5. 
2 c o n t i n u i t y  equat ions  along 2-3. 
1 c o n t i n u i t y  equat ion  along 2-4. 
3 boundary cond i t ions  a t  po in t  1. 
A l l  6 c o n t i n u i t y  equat ions  a r e  used t o  e l i m i n a t e  t h e  3 displacement  v a r i a b l e s  
u l ,  u2,  and u3 a t  po in t  1 and t h e  same 3 a t  p o i n t  2 ,  l eav ing  a system of 
1 2  equations i n  1 2  unknowns. 
po in t  subrout ine  and i s  then  so lved ,  u s ing  t h e  second level subrou t ine  f o r  
The s o l u t i o n  ma t r ix  i s  set up w i t h i n  t h e  f i r s t  
so lu t ion  of n equat ions  i n  n unknowns. Af t e r  a s o l u t i o n  f o r  t h e  1 2  d e r i v a t i v e s  
i s  obtained, t h e  6 c o n t i n u i t y  equat ions  are used t o  c a l c u l a t e  t h e  displacement  
va r i ab le s  a t  p o i n t s  1 and 2 .  The f i r s t  p o i n t  sub rou t ine  c a l l s  t h e  fo l lowing  
second l e v e l  sub rou t ines  du r ing  i ts  execut ion  ( see  f i g u r e  3 ) .  
A) The Boundary Condit ion T i m e  Funct ion subrou t ine  
t o  s p e c i f y  t h e  t h r e e  boundary cond i t ions  t o  be 
s a t i s f i e d  a t  p o i n t  1. 
B) The Di scon t inu i ty  Values sub rou t ine  t o  s p e c i f y  t h e  
au, au, au, au2 au3 a L3 
a t  , and - a t  va lues  o f  ax , - - - - a t  ’ ax a t  ax 
au, au, au2 au2 
a t  ax ’ a t  ax , and - po in t  5 ,  t h e  va lues  of - - - 
a t  p o i n t  3 ,  and t h e  jumps i n  - and - a t  p o i n t  ‘2. 
The Governing Equat ion C o e f f i c i e n t  D e f i n i t i o n s  sub- 
r o u t i n e  t o  be used i n  s p e c i f y i n g  t h e  c h a r a c t e r i s t i c  
au3 au3 
ax a t  
F) 
equat ions .  
C) The Simultaneous So lu t ion  subrou t ine  t o  s o l v e  t h e  12 
equa t ions  i n  1 2  unknowns. 
The P r i n t o u t  Q u a n t i t i e s  sub rou t ine  t o  p r i n t  ou t  D) 
d e s i r e d  q u a n t i t i e s  a t  p o i n t s  3 ,  5, and 1. 
*See Appendix E f o r  t h e s e  equat ions .  
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Input  Poin t  Subroutine 
The inpu t  po in t  sub rou t ine  i s  c a l l e d  a t  the  beginning of each new 
- -  - -  1 C h a r a c t e r i s t i c  l i n e .  dx 
c l d t  It i s  used to  d e f i n e  and p r i n t  ou t  t h e  
q u a n t i t i e s  s p e c i f i e d  a t  a po in t  on t h e  f i r s t  d i s c o n t i n u i t y  l i n e .  (The 
p o i n t s  1, 2 ,  4 ,  7 ,  11 and 16 i n  F ig .  2 are a l l  i n p u t  p o i n t s . )  Only 2 second 
l e v e l  sub rou t ines  need be  c a l l e d  dur ing  execution: (see Fig.  3 ) .  
B) The Di scon t inu i ty  Values sub rou t ine  t o  spec i fy  t h e  
va lues  of - - - , and - 
po in t .  
a t  t h e  input  
au, au, au, au2 
ax ’ a t  ’ ax a t  
D) The P r i n t o u t  Quant i t ies  sub rou t ine  t o  p r i n t  ou t  
d e s i r e d  q u a n t i t i e s  a t  t h e  inpu t  po in t .  
Boundary Poin t  Subroutine 
The h o u d a r y  po in t  sub rou t ine  is c a l l e d  a t  t h e  end of each l i n e .  It is 
used t o  c a l c u l a t e  q u a n t i t i e s  a t  t h e  p o i n t s  on t h e  boundary which s a t i s f y  t h e  
equat ions  a long  l e f t  running c h a r a c t e r i s t i c  d i r e c t i o n s  and which s a t i s f y  t h e  
boundary cond i t ion  equat ions .  
6, 10,  15, and 2 1  i n  F ig .  2 .  One example is  a l s o  shown i n  F ig .  5).  The 9 
equat ions  used t o  c a l c u l a t e  t h e  9 unknowns at  p o i n t  1 of F ig .  5 are obtained 
(The boundary po in t s  are r e f e r r e d  t o  as p o i n t s  
as fo l lows:  
2 c h a r a c t e r i s t i c  equations a long  1-3. 
1 c h a r a c t e r i s t i c  equation a long  1-4. 
2 c o n t i n u i t y  equat ions  along 1-3. 
1 c o n t i n u i t y  equat ion along 1-4. 
3 boundary cond i t ions  a t  po in t  1. 
All 3 c o n t i n u i t y  equat ions  are used t o  e l imina te  t h e  3 displacement  
v a r i a b l e s  a t  p o i n t  1, leav ing  a system of 6 equat ions i n  6 unknowns. The 
s o l u t i o n  ma t r ix  i s  set up w i t h i n  t h e  boundary p o i n t  subrout ine .  The r e s u l t i n g  
system i s  solved us ing  t h e  s imultaneous so lu t ion  subrout ine .  Af t e r  a s o l u t i o n  
f o r  t h e  6 d e r i v a t i v e s  is obta ined ,  t h e  3 cont inui ty  equat ions  are used t o  
c a l c u l a t e  t h e  displacement  v a r i a b l e s  a t  point  1. The boundary p o i n t  sub rou t ine  
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c a l l s  the fol lowing second l e v e l  sub rou t ines  dur ing  execut ion:  ( s ee  Figure 3 ) .  
A . )  The Boundary Condit ion T i m e  Funct ion subrou t ine  t o  
spec i fy  t h e  t h r e e  boundary cond i t ions  t o  be s a t i s f i e d  
a t  po in t  1. 
F .) The Governing Equation Coef f i c i en t  D e f i n i t i o n s  
subrout ine  t o  be used i n  spec i fy ing  t h e  c h a r a c t e r i s t i c  
equat ions .  
C.) The Simultaneous So lu t ion  subrou t ine  t o  so lve  t h e  6 
equat ions  i n  6 unknowns. 
D . )  The P r i n t o u t  Quan t i t i e s  sub rou t ine  t o  p r i n t  ou t  
des i r ed  q u a n t i t i e s  a t  p o i n t  1. 
Ordinary Po in t  Subrout ine 
The o rd ina ry  po in t  subrout ine  i s  used f o r  each po in t  a f t e r  an input  
p o i n t  and before  a boundary p o i n t ,  except f o r  p o i n t s  complicated by t h e  
c ross ing  of t h e  second d i s c o n t i n u i t y  l i n e .  Thus, t h e  o rd ina ry  p o i n t s  are 
r e fe r r ed  t o  as t h e  po in t s ,  9 ,  1 4 ,  1 7 ,  19  and 20 i n  F ig .  2 .  The 9 equat ions  
used t o  c a l c u l a t e  t h e  9 unknowns a t  po in t  1 of F ig .  6 are obta ined  as fo l lows:  
2 c h a r a c t e r i s t i c  equat ions  a long  1-3. 
1 c h a r a c t e r i s t i c  equat ion  a long  1-4. 
2 c h a r a c t e r i s t i c  equat ions  along 1-9. 
1 c h a r a c t e r i s t i c  equat ion  a long  1-6. 
2 c o n t i n u i t y  equat ions  a long  1-3. 
1 c o n t i n u i t y  equat ion  a long  1-4. 
As i n  t h e  case of t h e  Boundary Poin t  Subrout ine ,  t h e  3 c o n t i n u i t y  
equat ions are used t o  e l imina te  t h e  3 displacement  v a r i a b l e s  a t  po in t  1, 
leaving a system of 6 equat ions  i n  6 unknowns. Th i s  system i s  solved and 
t h e  cont inui ty  equat ions  are used t o  c a l c u l a t e  t h e  displacement  v a r i a b l e s  a t  
p o i n t  1. The o rd ina ry  po in t  sub rou t ine  c a l l s  t h e  same second l e v e l  subrout ines  
12 
as does t h e  boundary p o i n t  sub rou t ine  except t ha t  t h e  boundary c o n d i t i o n  t i m e  
f u n c t i o n  subrou t ine ,  i s  n o t  used i n  t h i s  ca se .  Also, t h e  So lu t ion  Matrix 
subrou t ine  is  used t o  set-up t h e  system of simultaneous equa t ions  ( s e e  
F igu re  3 ) .  
Case I Subroutine 
The Case I subrou t ine  i s  used f o r  p o i n t s  complicated by t h e  c r o s s i n g  of 
t h e  second d i s c o n t i n u i t y  l i n e  i n  t h e  manner shown i n  F igu re  7 .  
i nc lude  t h o s e  marked 5,  8 ,  and 18 i n  Fig.  2 .  Quan t i t i e s  a r e  f i r s t  c a l c u l a t e d  
a t  p o i n t  1 (Fig.  7b).  The d i s c o n t i n u i t i e s  i n  - 
t hen  added t o  t h e  c a l c u l a t e d  va lues  of ax 
q u a n t i t i e s  a re  c a l c u l a t e d  a t  p o i n t  1' (Fig.  7c), a mesh p o i n t .  For each of 
t h e  two p o i n t s ,  1 and l ' ,  a system of 9 equations i n  9 unknowns i s  so lved ,  
The p o i n t s  
a t  p o i n t  1 a r e  
au3 
a t  and - 
au3 
a x a u 3  
a t  r e s p e c t i v e l y .  F i n a l l y ,  
au3 
and - 
j u s t  as f o r  an o rd ina ry  po in t .  Exact ly  t h e  same second l e v e l  sub rou t ines  
a r e  c a l l e d  du r ing  execut ion a s  are c a l l e d  from t h e  o rd ina ry  p o i n t  sub rou t ine ,  
w i th  one a d d i t i o n ,  i . e . ,  t h e  Di scon t inu i ty  Value Subrout ine i s  c a l l e d  t o  
s p e c i f y  t h e  jumps i n  - 
r o u t i n e s ,  except t h e  s p e c i f i c a t i o n s  of p r i n t o u t  q u a n t i t i e s ,  which is used only 
a t  po in t  1. Of course,  each of t h e  sub- and - au3  a t  
au3 
ax 
a t  p o i n t  l', must, i n  t h i s  ca se  be c a l l e d  twice; once f o r  e v a l u a t i o n  of 
q u a n t i t i e s  a t  p o i n t  1 and once f o r  p o i n t  1' of F ig .  7 .  
Case I1 Subroutine 
The Case I1 s u b r o u t i n e  i s  used f o r  a set of p o i n t s  complicated by t h e  
c r o s s i n g  of t h e  second d i s c o n t i n u i t y  l i n e  i n  the manner shown i n  F igu re  8a.  
The p o i n t s  i nc lude  those  marked 12 and 13 i n  Fig. 2 .  Q u a n t i t i e s  a r e  f i r s t  
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ca lcu la t ed  a t  po in t  1 of t h e  f i r s t  block (Fig.  8b) .  The d i s c o n t i n u i t i e s  i n  
au3 
a t  and - 
au3 
ax a t  po in t  1 are then  added t o  t h e  c a l c u l a t e d  va lues  of - 
au3 au3 
a x  a t  and - -
r e spec t ive ly .  Quan t i t i e s  are then  c a l c u l a t e d  a t  po in t  1' (Fig.  8c) of t h e  
f i r s t  block,  a mesh po in t .  Then t h e  q u a n t i t i e s  a t  p o i n t  1 (Fig.  8d) of t h e  
are added as  and - second block,  are c a l c u l a t e d .  D i s c o n t i n u i t i e s  i n  - 
before,  and f i n a l l y ,  q u a n t i t i e s  are eva lua ted  a t  p o i n t  1' (Fig.  8e)  of t h e  
second block,  another  mesh p o i n t .  Exact ly  t h e  same second l e v e l  subrout ines  
are ca l l ed  dur ing  execut ion  as are c a l l e d  from t h e  Case I subrou t ine ,  w i th  
a u 3  
a t  
a u 3  
ax 
each being c a l l e d  twice as many t i m e s ,  s i n c e  two b locks  must be eva lua ted .  
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I V  INSTRUCTIONS FOR USE OF MCDIT 21 
The MCDIT 2 1  program o f f e r s  t h e  u s e r  two choices  f o r  s o l v i n g  problems. 
F i r s t ,  t h e  problem t o  be solved by t h e  use r  cons i s t s  of a s t r u c t u r e  which i s  
i d e n t i c a l  t o  one of t h e  t h i r t e e n  p r e w r i t t e n  common s t r u c t u r e  packages l i s t e d  
i n  Fig.  1 and t h e  u s e r ' s  boundary c o n d i t i o n s  are i d e n t i c a l  t o  any of t h e  f i v e  
p r e w r i t t e n  boundary cond i t ion  packages l i s t e d  in F ig .  1. Second, t h e  u s e r ' s  
s t r u c t u r e  and/or  t h e  u s e r ' s  boundary condi t ions have n o t  been included as 
p r e w r i t t e n  packages,  b u t ,  t h e  u s e r ' s  governing equat ions are of t h e  form of 
equa t ions  (11-l) ,  (11-2), o r  (11-3) and t h e  boundary c o n d i t i o n s  of t h e  form 
of (11-4). Each of t h e s e  cho ices  f o r  u t i l i z a t i o n  of MCDIT 21 w i l l  now be 
d i scussed .  
A. P r e w r i t t e n  Common S t r u c t u r e  and Boundary Condit ion Packages 
1. Input  t o  Machine 
a .  
b. Common S t r u c t u r e  Package - u s e r  chooses p r e w r i t t e n  
s t r u c t u r e  package pe r t inen t  t o  h i s  problem and key 
punches t h i s  package with necessa ry  p h y s i c a l  and 
geometr ical  cons t an t s  a s  desc r ibed  i n  Appendix B.  
Main Program Deck - i nva r i an t  
c .  Boundary Condit ion Packages - u s e r  chooses t h e  t h r e e  
boundary cond i t ion  packages p e r t i n e n t  t o  h i s  problem 
and key punches these  packages w i t h  necessary magnitude 
c o n s t a n t s  as described i n  Appendix C .  
P r i n t o u t  Q u a n t i t i e s  Subroutine S p e c i f i c a t i o n  - use r  
writes and key punches a sub rou t ine  t o  s p e c i f y  t h e  
p o i n t s  a t  which h e  d e s i r e s  d a t a  p r i n t e d  out  and t h e  
q u a n t i t i e s  t o  be  pr inted out  a t  t hose  p o i n t s ,  a s  
desc r ibed  i n  Appendix D.  
d .  
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e.  Seven ( 7 )  Main Program Input  Data Cards - user  
s p e c i f i e s  fo l lowing  q u a n t i t i e s  per  format l i s t e d ,  
Mo’ xo, Ax, C1’ c2  




B1’ B*,  B3’ BqY B5 (5E15.8) 
(2E15.8) B6’  B7 
C1’ C2’  C 3 ’  C4’  c5 (5E15.8) 
‘6’ ‘7 (2E15.8) 
A7 
2. Output from Machine 
The output  of t h e  program w i l l  i nc lude  a pre l iminary  
p r i n t o u t  l i s t i n g  a l l  i npu t  d a t a  which w a s  read i n t o  t h e  
main program. The p r i n t o u t  of t h e  q u a n t i t i e s  a t  mesh 
p o i n t s  w i l l  then  begin as s p e c i f i e d  by t h e  use r .  
S t r u c t u r e  and/or  Boundary Condit ions Not P rewr i t t en  B. 
1. Input  t o  Machine 
a .  Main Program Deck - i n v a r i a n t  
b.  S t r u c t u r e  Package - use r  chooses one of t h e  p rewr i t t en  
common s t r u c t u r e  packages, i f  a p p l i c a b l e ,  and fo l lows  
d e t a i l s  of Appendix B. I f  no t  a p p l i c a b l e ,  user  w r i t e s  
h i s  own s t r u c t u r e  package as d e t a i l e d  i n  Appendix D .  
c .  Boundary Condit ion Packages - use r  chooses o r  w r i t e s  
t h e  t h r e e  boundary cond i t ion  packages p e r t i n e n t  t o  
h i s  problem. I n s t r u c t i o n s  f o r  u s e  of p rewr i t t en  
packages are  i n  Appendix C .  I n s t r u c t i o n s  f o r  w r i t i n g  
a new package are i n  Appendix D .  
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d .  
e.  
P r i n t o u t  Q u a n t i t i e s  Subroutine S p e c i f i c a t i o n  - use r  
w r i t e s  and key punches a sub rou t ine  t o  s p e c i f y  t h e  
p o i n t s  a t  which he d e s i r e s  d a t a  p r i n t e d  out  and t h e  
q u a n t i t i e s  t o  b e  pr in ted  o u t  a t  t hose  p o i n t s ,  as 
descr ibed i n  Appendix D .  
Seven ( 7 )  Main Program Input  Data Cards - u s e r  . 
s p e c i f i e s  fol lowing q u a n t i t i e s  pe r  format l i s t e d .  
( 1 4 , 4 E 1 5 . 8 )  2 
A 1 ,  A,, A 3 9  A,,  A 5  ( 5 E 1 5 . 8 )  
A 6 ’  A7 ( 2 E 1 5 . 8 )  
B 1 ,  B 2 ’  B 3 ’  B,t ,  B 5  ( 5 E 1 5 . 8 )  
B 6 ’  B7 ( 2 E 1 5 . 8 )  
Mo,  xo, a’x, C1’ c 
c l ,  c,, c3,  c c (5E15.8) 
4 ’  5 
‘6’ ‘7 ( 2 E 1 5 . 8 )  
2 .  Output from Machine 
The output  of t h e  program w i l l  i nc lude  a p re l imina ry  
p r i n t o u t  l i s t i n g  a l l  i npu t  da ta  which w a s  read i n t o  t h e  
main program. The p r i n t o u t  of t h e  q u a n t i t i e s  a t  mesh 
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Figure 1. Prewr i t ten  Packages f o r  





F i g u r e  2 .  The P h y s i c a l  P l a n e  
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I I 
FIRST LEVEL SUBROUTINES (ALL INVARIANT) 
9 Q 








T i m e  
Functions 
Subrout i n  
0 




Coeff ic ient  
Def in i t ions  
Subroutine 
Pr in tout  
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Figure 3 .  The Program 
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c, + 
I ' 5  I 
x 0 4 A x  +I 
F i g u r e  4 .  The F i r s t  P o i n t  
3 
5 b 







- = -  + I  
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F i g u r e  6 .  An O r d i n a r y  P o i n t  
22 
a .  Occurence o f  a Case I P o i n t  
3 
I '  
9' 
b.  Evaluat ion a t  Point  I c. Eva lua t ion  a t  Point  I '  
F i g u r e  7.  A Case I P o i n t  
23 
S e c o n d  Discont inui ty  L i n e  
Second Block 
i r s t  B l o c k  
a .  Occurence o f  a C a s e  II Set o f  Points  
9 
5 
$ 9 3 1  
5' 
b.Evaluat ion a t  Point I , c . ~ v a l u a t i o n  a t  P o i n t  I ' ,  
F irst  B l o c k  F i r s t  BloGk 
I '  
3 9' 
d.Evaluation at  Point  I ,  e .Evaluat ion a t  Point I ' ,  
Second Block Second B l o c k  
F i g u r e  8 .  A Case I1 Poin t  
24 
F i g u r e  9 .  C y l i n d r i c a l  D i l a t a t i o n  ( P l a n e  S t r e s s )  
F i g u r e  10. C y l i n d r i c a l  D i l a t a t i o n  ( P l a n e  S t r a i n )  
/" ' =, 
F i g u r e  11. S p h e r i c a l  D i l a t a t i o n  
25 
F i g u r e  1 2 .  Shea r  ( R o t a r y )  
F i g u r e  13. Shea r  ( L o n g i t u d i n a l )  
I 
Y, Q 





w, Q Y 
F i g u r e  15. P l a t e  (P lane )  
F i g u r e  16. 
r 
P l a t e  ( C y l i n d r i c a l )  
bx r - w * p x  
Figure  1 7 .  Bar 
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Figure 18. S h e e t  ( P l a n e )  
r 
I 
Figure 19. S h e e t  ( C y l i n d r i c a l )  
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F i g u r e  20. C y l i n d r i c a l  S h e l l  
I S 
F i g u r e  21 .  C o n i c a l  Shel l  
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9 2  L f = L I + l  
26 TF(L!-CZFRc)27~9999~9999 
30 CALLCRDINP 




9999 CALLEXt f  
END 
34 CAL! C A S E  1P  
SIMULTANEOUS SOLUTION SUBROUTINE 
h Z M - 1  
E 0  5200 N h ' = l ~ N * l  
)\'RN=NNt 1 
Or 5100 JJ=NNNv?'T~ 
F R A t = - Y ( J J I N N ) / Y ( N N t N "  
00 6050 KK=NN,W*l 
5050 Y ( J J , K K ) = F R A C * Y ( N N V K K ) + Y ( J J I K K I  
5100 Z ( J J ) = F R A C * Z ( N K I + Z ( J J )  
5 2 0 0  CCYTINUE 
DO 5 5 0 0  N N = l r N * l  
NKN=M-NK 
J J = N N N t l  
D @  5400 K K = l r N h N , l  
5400  Z(KK~=-Z(JJ)*(Y(KK,JJ)/Y(JJ))+Z(KK) 
5 5 0 0  C @ K T I  NUE 
5600 U U f K K K ) = t ( K K K ) / Y ( K K K , K K K )  
9999 RFTURN 
DO 560C K K K = l t C * 1  
ENS 
A -2 
FIRST POINT SUBROTJTINE 
nx 12=x 1-x2 







I N P U T  P O I N T  SUBROUTINE 
A-8 
BOUNDARY POINT SUBROUTINE 
A-9 
A-10 
ORDINARY POINT SUBROUTINE 
O X 1 4 = X l - X 4  
D X  1 ~ =  x1-x9 
A-11 








SOLUTION MATRIX SUBROUTINE 
A-17 
A-18 
APPENDIX B: PREWRITTEN COMMON STRUCTURE PACKAGES 
Th i s  appendix d e t a i l s  t h e  p rewr i t t en  packages f o r  t h e  common s t r u c t u r e s  
shown i n  F igure  1. 
d i s c o n t i n u i t y  magnitude s p e c i f i c a t i o n ,  and output s p e c i f i c a t i o n  subrou t ines .  I n  
each of t h e s e  packages t h e  use r  need only fill i n  t h e  cons t an t s  which are 
dependent upon t h e  material, dimensions, and d i scon t inu i ty  magnitude. The 
symbols r e p r e s e n t i n g  t h e s e  cons t an t s  are underl ined wi th in  each package; t h e  
u s e r  s u b s t i t u t e s  a f l o a t i n g  po in t  number f o r  each. 
d i s c o n t i n u i t y  magnitude are  def ined  i n  each problem s e c t i o n ;  o t h e r s  are  def ined  
i n  t h e  fo l lowing  l i s t  of symbols. 
Each of t hese  packages includes t h e  c o e f f i c i e n t  s p e c i f i c a t i o n ,  
Constants  depending upon t h e  































bar  r a d i u s ,  c y l i n d r i c a l  s h e l l  r a d i u s  
Area 
bar  v e l o c i t y  = (E/p) 
d i l a t a t i o n a l  (or  i r r o t a t i o n a l )  v e l o c i t y  = { ( h + 2 G ) / ~ } l / ~  
equivoiuminai (or  d i s t o r i i o n a i )  v e i u c i t y  - < G / G )  
p l a t e  v e l o c i t y  = C E / ~  (1-vZ) 1 1 / 2  
shear  v e l o c i t y  = k c e 
f l e x u r a l  r i g i d i t y  = Eh3/12(l-u2) 
modulus of e l a s t i c i t y  
shear  modulus = E/2(l+v) 
th i ckness  
moment of i n e r t i a  
shea r  c o r r e c t i o n  f a c t o r  
c o r r e c t i o n  f a c t o r s  
112 
E/  ( 1 4 )  
L a m e ' s  cons t an t  of e l a s t i c i t y  = uE/(l+v) (1-2v) 
Po i s son ' s  r a t i o  
r a d i a l  d i s t a n c e ,  mer id iona l  d i s t a n c e  
r a t  boundary, s a t  boundary 
d e n s i t y  
bending moment 
normal stress r e s u l t a n t  averaged ac ross  shee t  
ba r  stresses 
shea r  stress r e s u l t a n t  
B-1 
P r o b l e m  1 - C y l i n d r i c a l  D i l a t a t i o n  (Plane Stress) [ 3 ] :  See F i g u r e  9 .  
a 2 u  1 a2u 1 1 a u  
7 -7 -- ar ; u = u I ar c a t  r L  G o v e r n i n g  E a u a t i o n :  7 = - u - r 
P 
E v  E a u  
u =  
I: r ( l - v 2 )  + 1-L12 % G e n e r a l i z e d  Stress:  
au  -1 / 2  
a t  P 
au  -1/2 - [--] = -k' c r D i s c o n t i n u i t i e s  [GI= k '  r 
P r o b l e m  P a c k a g e :  
SUBROUTINE JUMP I ( X , D U l X ,  D U l T ,  DU2X, DU2T)  
D U X  = k' /X**(. 5) 
D U l T  = -DUlX * c 
-E 
DU2X = 0. 
DU2T = 0. 
RETURN 
END 
SUBROUTINE JUMP I I ( X ,  DU3X, DU3T)  
DU3X - 0. 
DU3T - 0. 
RETURN 
END 
SUBROUTINEGECOFF(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9), F (6 ,3 )  
x = (XA + x B ) / 2 .  
F ( 1 , I D )  = - 1 . / X  
F ( 2 , I D )  = l . / X * * 2  
D O l J  = 3 ,6  
RETURN 
END 
SUBROUTINE GECOFG(ID,  XA, XB) 
1 F(J,ID) = 0. 
. .  
DO 1J = 1 , 6  
RETURN 
END 
1 G(J,ID) = 0. 
B-2 
SUBROUTINEGECOFH(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6 ,3) ,  G ( 6 , 3 )  , H ( 6 , 3 )  
X = (XA + XB)/2. 
DO 1J = 1 , 6  
RETURN 
END 
1 .H(J,ID) = 0. 
Problem 2 - C y l i n d r i c a l  D i l a t a t i o n  (Plane S t r a i n )  [3 ] :  See F igure  10. 
a'& 1 a %  1 1 &  a r  ; U = u1 Governing Equation: S - T a t z  - r z u - -  
A 211 General ized S t r e s s :  a = - u + (X+2G) - 
r r  ar 
[-] au = k '  r-1'2 ; [-] au = - k '  -1 / 2  
'd 
D i s c o n t i n u i t i e s :  
ar a t  
where i f  u boundary condi t ion  r 
" 
au 
a t  if -boundary cond i t ion  
Problem Package: 
SUBROUTINEJUMP I(X,  D U l X ,  DUlT, DU2X, DU2T) 
D U l X  = k' /X** (.5) 
DUlT = -DUlX * Cd 
DU2X = 0. 
DU2T - 0. 
RETURN 
END 
SUBROUTINEJUMPII (X, DU3X, DU3T) 
DU3X = 0. 





SUBROUTINEGECOFF ( I D ,  XA, XB) 
COMMON U(9,300), Y(12, 121, W(9,9), F(6,3) 
X = ' ( X A  + XB)/2. 
F(1,ID) - 1 . / X  
F(2,ID) = l./X**2 
DO 1 J=3 ,6  
1 F(J , ID) = 0. 
RETURN 
END 
SUBROUTINEGECOFG ( I D ,  XA, XB) 
COMMON U(9,300), Y(12,12) , W(9,9), F (6 ,3 ) ,  G(6,3) 
X = & A  + XB)/2. 
DO 1 J=1,6  
1 G ( J , I D )  = 0 .  
RETURN 
END 
SUBROUTINEGECOFH(1D , XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6 ,3) ,  G(6,3), H(6,3) 
X = (XA + XB)/2. 
DO 1 J=1,6  
RETURN 
END 
1 H(J,ID) = 0. 
Problem 3 - Spher i ca l  D i l a t a t i o n  [ 3 ] :  See F igu re  11 
a2u 1 a2, 2 2 &  
a r 2  
cd2 a t 2  r 2  
- - a r  ; u = U ]  Governing Equation: -- - - = - 
a u  - -   2x u + (X+2G) g
'r r 
General ized S t r e s s  : 
D i s c o n t i n u i t i e s :  [GI a u  = k' r -1 ; [-]=-k' au c -1 
d r  
i f  ur boundary cond i t ion  
a: r 
k' = - A + L  [or] r = rn where - 
au 




SUBROUTINEJUMPI(X,  D U l X ,  D U l T ,  DU2X, DU2T) 
D U l X  = & ' / X  
DU2X = 0. 
DU2T = 0. 
RETURN 
END 
SUBROUTINEJUMPII  (X, DU3X, DU3T) 
DU3X = 0. 
DU3T = 0.  
RETURN 
END 
SUBROUTINEGECOFF ( I D  , XA , XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y(12,12), W ( 9 , 9 ) ,  F(6,3)  
X = (XA + X B ) / 2 .  
F ( 2 , I D )  = Z./X**2 
DO 1 J = 3,6 
1 F ( J , I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFG ( I D  , XA , XB) 
COMMON U ( 9 , 3 0 0 )  , Y ( 1 2 , 1 2 ) ,  W ( 9 , 9 ) ,  F(6,3)  , G ( 6 , 3 )  
x = (U t XBjii. 
DO 1 J = 1 , 6  
1 G ( J , I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFH ( I D  , XA , XB) 
COMMON U ( 9 , 3 0 0 )  , Y ( 1 2 , l Z )  , W ( 9 , 9 )  , F(6,3)  , G ( 6 . 3 )  , H ( 6 , 3 )  
X = (XA + X B ) / 2 .  
DO 1 J = 1 , 6  
1 H ( J ,  I D )  = 0. 
RETURN 
END 
D U l T  = -DUlX *Cd - 
F ( ~ , I D )  = -2./x 
P r o b l e m  4 - S h e a r  ( R o t a r y )  [ 4 ]  : See F i g u r e  1 2 .  
a2v 1 a %  G o v e r n i n g  E q u a t i o n :  -- - - 
a r 2  ce2 a t 2  
av G e n e r a l i z e d  Stress: T = - - G ~ + G ~  re r 
av -1 / 2  av -1 1 2  
; [-]=-k'  c r a t  e D i s c o n t i n u i t i e s :  [z] = k '  r 
P r o b l e m  P a c k a g e :  
SUBROUTINEJUMPI(X,  D U l X ,  D U l T ,  DU2X, DU2T)  
D U l X  = k' /X**(. 5) 
D U l T  = - D U l X  * ce 
DU2X = 0. 
DU2T = 0. 
RETURN 
END 
SUBROUTINEJUMPII  (X,DU3X, DU3T) 
DU3X = 0. 
DU3T = 0. 
RETURN 
END 
SUBROUTINEGECOFF ( I D  , XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9) ,  F (6 ,3 )  
- 
x = (XA + X B j / 2 .  
~ ( 1 ~ 1 ~ )  = -1./x 
F ( 2 , I D )  = l . / X * * 2  
DO 1 J = 3,6 
RETURN 
END 
SUBROUTINEGECOFG(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9 ,9>,  F ( 6 , 3 ) ,  G ( 6 , 3 )  
X = (XA + X B ) / 2 .  
DO 1 J = 1 , 6  
RETURN 
END 
1 F(J,ID) = 0. 
1 G(J,ID) = 0 .  
B-6 
Problem 5 - Shear (Longi tudinal)  [51 : See Figure 13. 
a 2 w  1 a 2 w  = - - ---  l a w .  
a r 2  ce2 a t 2  r ar ' w = u l  
Governing Equation: -
General ized S t r e s s :  
T~~ = e 
D i s c o n t i n u i t i e s :  [3-] a w  = k' r -1 1 2  ; [ z ] = - k ' c  aw r -1 I2 
e 
k' = &-L i f  T boundary cond i t ion  z r  
0 
where o G  f z ) r  = r 
i f  - a w  boundary cond i t ion  
k' = - 5 (%)[E] e = 0 a t  
Problem Package: 
1 
SUBROUTINEJUMPI(X, D U l X ,  D U l T ,  DU2X, DU2T) 
D U l X  = k /X** (.5) 
DUlT = -DUlX * ce 
DU2X = 0. 
DU2T = 0.  
RETURN 
END 
SUBROLJTINEJUMPII(X, DU3X, DU3T) 
DU3X = 0. 
DU3T = 0. 
RETURN 
END 
SUBROUTINEGECOFF (ID, XA , XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6,3) 
X = (XA + XB)/2. 
D O ' 1  J = 2,6  




F ( ~ , I D )  = -1./x 
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SUBROUTINEGECOFG(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F (6 ,3 ) ,  G ( 6 , 3 )  
X = (XA + XB)/2. 
DO 1 J = 1 , 6  
1 G(J,ID) = 0. 
RETURN 
END 
SUBROUTINEGECOFH(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9>, F (6 ,3 ) ,  G(6,3) ,  H(6,3) 
X = (XA + XB)/2. 
DO 1 J = 1 , 6  
1 H(J,ID) = 0. 
RETURN 
END 
Problem 6 - Beam (Timoshenko) t61: See F igure  14 .  
1 a 2 +  AGk2 AGk2 2 
EI J, -Fax ; + = u 1  - Governing Equat ions:  3 - - a t 2  
'b2 ax 
ax2 c s 2  a t 2  ax 
a 2 y - 1 2 5 - w   
General ized S t r e s s e s :  M = - E 1  * ax 
Q = k'AG - $) ax 
u -  24. _ _  D i s c o n t i n u i t i e s :  - k '  ; i a t l  - k '  'b 
; y = u 3  
a 
[ B ]  ax = k" ; [l] a t  = -k" c S 
where k '  = - E 1  = o i f  M boundary cond i t ion  
k '  = - cb l"i3 a t  x = x i f  2 boundary cond i t ion  
0 
" - ux = xo i f  Q boundary cond i t ion  
k2AG k -  
i f  boundary cond i t ion  
S 0 
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P r o b l e m  Package: 
S U B R O U T I N E J U P P I  (X,  D U l X ,  D U l T ,  DU2X, DU2T) 
D U l X  = k' 
D U l T  = -DUlX * Cb 
DU2X = 0. 




S U B R O U T I N E J U M P I I ( X ,  DU3X, DU3T) 
DU3X = k" 
DU3T = -DU3X * cs 
RETURN 
END 
SUBROUTINEGECOFF( ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 )  , W(9,9), F(6,3) 
X = (XA + X B ) / 2 .  
F ( 1 , I D )  = 0. 
F ( 2 , I D )  = A G k 2 / E I  
F ( 3 , I D )  = 0. 
F ( 4 , I D )  = 0. 
F ( 5 , I D )  = - A G k 2 / E I  
F ( 6 , I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFG(ID,  XA, XB) 
COMMON U(9,300), Y ( 1 2 , 1 2 ) ,  W(9,9), F(6 ,3) ,  G ( 6 , 3 )  
DO 1 J = 1 , 6  
1 G ( J , I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFH ( I D ,  XA, XB) 
COMMON U(9,300), Y ( 1 2 , 1 2 ) ,  W(9,9), F(6 ,3 ) ,  G ( 6 , 3 ) ,  H ( 6 , 3 )  
X = (XA + X B ) / 2 .  
H ( 1 ,  I D )  = 1. 
DO 1 J = 2 , 6  





Problem 7 - P l a t e  (Plane)  (Mindlin) [ 7 ]  : See F igure  15. 
a2+x 1 a 2JIx - hGk2 hGK2 3; ; ,,,x = 
3 - 7 at2 - 7 $x + 7Governing Equations: 
D 
a $X 
Generalized Stresses: M = D ax 
X 
a; 
Q = k2hG(JIx + a,) 
X 
a JIX a JIX [-I = k' ; [at] = - k '  c 
ax P D i s c o n t i n u i t i e s :  
aw a; 
a x  [-] = k" ; [at] = - k" c S  
i f  M boundary cond i t ion  
X 
k '  = 'p.1 
D x = x  where 
a$X 
k '  = - 1_ [>] i f  - a t  boundary c o n d i t i o n  
C x = x  P 0 
i f  Qx boundary cond i t ion  
0 
k" = - 1_ C [g] 
x = x 0 i f  aw a t  boundary cond i t ion  
S 
Problem Package: 
SUBROUTINEJUMPI(X, D U l X ,  D U l T ,  DU2X, DU2T) 
D U l X  = &'-
DUlT = - D U X  * c 
DU2X = 0. 
DUZT = 0. 
RETURN 
END 
SUBROUTINEJUMPII(X, DU3X, DU3T) 
DU3X = k'' 
DU3T = -DU3X * c 
RETURN 
END 
SUBROUTINEGECOFF(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F (6 ,3 )  
X = (XA + XB)/2. 
F ( l , ID)=  0. 
2 
S -
F(2,ID) = hGk2/D 
F(3,ID) = 0. 
F(4;ID) = 0. 
F(5,ID) = hGk2/D 




SUBROUTINEGECOFG ( I D ,  XA , XB) 
COMMON U(9,300) , Y(12,12) , W(9,9) , F(6 ,3) ,  G(6,3) 
DO 1 J = 1 , 6  
RETURN 
END 
SUBROUTINEGECOFH ( I D  , XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6 ,3) ,  G(6,3), H(6,3) 
X = (XA + XB)/2. 
DO 1 J = 2,6  
RETURN 
END 
1 G ( J ,  I D )  - 0. 
H ( 1 ,  I D )  = -1. 
1 H(J, I D )  = 0. 
8 - P~z+P_ ( C y l i n d r i r a l )  (Chau and Koenig) [SI  : See Figure  16. 
1 k2Gh 
; o = u l  Governing Equat ions:  a r 2  c 2 a t 2  r ar P 
k2Gh a w  +-- 
D ar 
General ized Stresses: M = - D"($+s 
ar r r  
D i s c o n t i n u i t i e s :  
where 
Q r = k2Gh(($ + E) 
i a r l  9 -  - k '  r ; - -k' c r 
[ a ]  = k" r ; [-] = -k" c r ar a t  S 
- 1 1 2  U - -I 1 2  
-112  a w  -1 1 2  
P 
; w = u  
2 
Jr 
k t  = kr] r = r i f  M boundary cond i t ion  
0 r 
i f  boundary cond i t ion  
a t  
k '  = - 
P 0 
k" = 5 Inf. k2Gh I- = '0 i f  Q boundary cond i t ion  
if - aw boundary cond i t ion  
a t  
0 
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Problem Package : 
SUBROUTINEJUMPI (X, D U l X ,  D U l T ,  DU2X , DU2T) 
D U l X  = k' /X  ** ( .5) 
DU2X = 0. 
DU2T = 0 .  
RETURN 
END 
SUBROUTINEJUMPII (X ,  DU3X, DU3T)  
DU3X = kl' / X  ** (.5) 
S 
D U l T  = -DUlX * c 
-E 
DU3T = -DU3X * C -
RETURN 
END 
SUBROUTINEGECOFF(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 )  , Y ( 1 2 , 1 2 ) ,  W(9,9) , F(6,3)  
X = (XA + X B ) / 2 .  
F(1,T.D) = - 1 . / X  
F(2,  I D )  = 1 . / X  ** 2 +- k 2 2 G h / D  
F(3,  I D )  = 0 .  
F ( 4 ,  I D )  = 0. 
F(5, I D )  = k ,2Gh/D 
F(6 ,  I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFG(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 )  , Y ( 1 2 , 1 2 )  , W(9,9), F(6,3), G(6,3) 
X = (XA + X B ) / 2 .  
DO 1 J = 1,6 
RETURN 
END 
SUBROUTINEGECOFH(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9) ,  F ( 6 , 3 ) ,  G ( 6 , 3 ) ,  
X = (XA + XB) / 2 .  
H ( 1 ,  I D )  = -1. 
H ( 2 ,  I D )  = - 1 . / X  
1 G(J, I D )  = 0. 
H ( 6 , 3 )  
H ( 3 ,  I D )  = 0 .  
H ( 4 ,  I D )  = 0. 
H(6, I D )  = 0. 
RETURN 
END 
H ( 5 ,  I D )  = - 1 . / X  
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Problem 9 - Bar (Mindlin and Herrmann) [ 9 ]  : See Figure  1 7  
a 2 w  1 2x au 
ax2 c2 a t 2  Governing Equat ions:  -- 
d 1 
; w = u  
a2(h+2G) a w  General ized S t r e s ses :  P = ahu + 
2 ax X 
Q = -  k2a2G & 
4 ax 
a w  a w  
a t  
au au [-] = k" ; [-] = -k" C 
d 
ax a t  S 
D i s c o n t i n u i t i e s :  [ax] = k '  ; [-] = -k' c 
where - -  
o i f  Px boundary cond i t ion  
2 p x j  x = x k '  = 
a2 (X+2G) 
a w  k '  = - 11-1 x = x  if - a t boundary cond i t ion  
'd 0 
- slaJ = xo i f  Q boundary cond i t ion  
k2a2G k  




SUBROUTINEJUMPI (X, D U l X ,  D U l T ,  DU2X, DU2T) 
D U l X  = k' 
DUlT = -DUlX * cd 
DU2X = 0. 
DU2T = 0. 
RETURN 
END 
SUBROUTINEJUMPII(X, DU3X,  DU3T) 
DU3X = k" 
DU3T = -DU3X * cS 
RETURN 
END 
SUBROUTINEGECOFF(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6,3)  
X = (XA + XB)/2. 
DO 1 J = 1 , 4  
F ( J ,  I D )  = 0. 
F(5,ID)= - 2X/apcd2 






SURROUTINEGECOFG(ID,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9) ,  F ( 6 , 3 ) ,  G ( 6 , 3 )  
X = (XA + X B ) / 2 .  
DO 1 J = 1 , 6  
RETURN 
END 
SUBROUTINEGECOFH ( I D  , XA, XB) 
COMMON ~ ~ ( 9 , 3 0 0 )  , Y ( 1 2 , 1 2 )  , W(9,9), F ( 6 , 3 ) ,  G ( 6 , 3 )  H ( 6 , 3 )  
X = (XA + X B ) / 2 .  
1 G(J, I D )  - 0. 
H ( 1 ,  I D )  = 4AK12/aGk2  
DO 1 J = 2 ,5  
1 H ( J ,  I D )  = 0. 
H(6, I D )  = 8 K l 2 ( A + G ) / a 2 G k 2  
RETURN 
END 
Problem 10 - Sheet ( P l a n e )  (Kane and M i n d l i d  [ l o ]  : See  Figure 18.  
a v  
X 1 X -22 
a 2v a 2v 
; vx = u1 G o v e r n i n g  E q u a t i o n s :  a,2 - 7-= - hP Cd2 ax d 
a2vz 3 x K  a v  x 3K2  ‘d 
---- =--  
3 a2vz 1 + h’ vz ; vz = u e a x 2  2 a t 2  h G  ax e 
X 
av  
G e n e r a l i z e d  Stresses: Nx = 2KX vz + 2 h ( h + 2 G )  ax 
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avX 
d ; [at] = -k'c 
avX Discontinuities: [ax] = k' 
where 
o if N boundary condition k' = I"X1 x = x 2h (A+2G) X 
k '  = - L[>] C 
kll- Ll . x = x  x = x if - avX boundary condition 0 at 
o if R boundary condition 
X 2h2G 
k" = - L [>] boundary condition avz if -
C x = x  at e 0 
Problem Package: 
1 
SUBROUTINEJUMPI(X, DUlX, DUlT, DUZX, DU2T) 
DUlX = 
DUlT = -DUlX * cd 
DU2X = 0. 




DU3X = E  
DU3T - - DU3X * ce 
RETURN 
END 
SUBROUTINEGECOFF (ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F(6,3) 
X = ( X A +  XB)/2. 
DO 1 J = 1,4 
- 
- 
F(J,ID) = 0. 
F(5,ID) - KA/hpcd2 




COMMON u(9,300), ~(i2,1;), W(9,9), ~(6,3), G(6,3) 
X = (XA + XB)/2. 
XB 1 
DO 1 J = 1,6 
RETURN 
END 
1 G(J,ID) = 0. 
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SUBROUTINEGECOFH(ID, XA, XB) 
COMMON U(9,300), Y(12,12), W(9,9), F (6 ,3 ) ,  G ( 6 , 3 ) ,  H(6,3) 
X = (XA -I- XB)/2. 
H ( l ,  I D )  = 3hK/hG 
DO 1 J = 2 ,5  
H ( 6 ,  ID) = 3K2(cd/ce)'/h2 
RETURN 
END 
1 H ( J ,  I D )  = 0. 
Problem 11 - Sheet (Cy l ind r i ca l )  (Jahsman) [ I l l :  See F igure  19.  
1 
vK1 a2u  1 a 2 u  1.h a ; = -- --- 
ar2  cd2 a t 2  -7 - r ar h(1-v) ar Governing Equations: 
e 
l i b  
+ h2(1-2v) Y - F ar 
24K1 (1-v) 
au General ized Stresses: Nr - -   ht u + KIX y + h(A+2G) 
D i s c o n t i n u i t i e s :  
where 
-Gh2 2Y 
'rz - 1 2  ar 
[-] = k '  r 
[a] = k" r -1 / 2  ; [E] = -k"ce r 
-112 au -1 / 2  
'd 
au ; [-I = -k' 
a t  ar 
ar 
-1 12 
i f  Nr boundary cond i t ion  1 
k '  = 5 h ( ~ + 2 ~ )  pr] r = r 0 
boundary cond i t ion  au k ' =  - 5 (5)[$] = 0. a t  i f  - 
d 
1 2  
p r z ]  r = ro i f  Srz boundary cond i t ion  k" = 5 
k" = - 5 (5)[-] = ro if boundary cond i t ion  
e 
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. P r o b l e m  Package: 
SUBROUTINEJUMPI(X,  D U l X ,  DUIT,  DU2X, DU2T) 
D U l X  = k' /X  **(.5) . .  
d 
D U l T  = I D U l X  * c 
DU2X = 0. 
DU2T = 0. 
RETURN 
END 
SUBROUTINEJUMPII (X ,  DU3X, DU3T) 
DU3X = /X** (.5) 
DU3T = - DU3X * ce 
RETURN 
END 
SUBROUTINEGECOFF ( I D ,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 ,  1 2 ) ,  W(9,9), F(6,3)  
X = (XA + X B ) / 2 .  
F(l, I D )  = - 1 . / X  
F(2,  I D )  = 1 . / X  **2 
F(3,  I D )  = 0. 
F(4, I D )  - 0. 
-
- 
F(6,  I D )  = 0. 
RETURN 
END 
SUBROUTINEGECOFG ( I D ,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9), F ( 6 , 3 ) ,  G ( 6 , 3 )  
X = (XA + X B ) / 2 .  
DO.1 J = 1 , 6  
RETURN 
END 
SUBROUTINEGECOFH ( I D ,  XA, XB) 
1 G(J, I D )  = 0. 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9), F (6 ,3 ) ,  G ( 6 , 3 ) ,  H ( 6 , 3 )  
X = (XA + X B ) / 2 .  
H ( 1 ,  I D )  2 4 K l v / h ( 1 - 2 v )  
H ( 2 ,  I D )  = 2 4 K l ~ / h ( l - 2 ~ )  /X  
H ( 3 ,  I D )  = 0.  
H ( 4 ,  I D )  = 0. 
H ( 5 ,  I D )  = - 1 . / X  




problem 12  - C y l i n d r i c a l  s h e l l  ( a x i a l l y  symmetric): See F igure  20 
= cP ' = cs u l = u ,  u 2 = $ ,  u 3 = w ,  
a 2 u  - - 1 - a2 ,  = - -  v - a w  ax2 2 a t 2  R a x  Governing Equations : 
P 
rlv a$ ( 1  +--> - a Z w  v au - a 2 w  1 ax;! cS2 a t 2  Rg a x  gR a x  - - - -  - - -
hE v 
a u  +A, R General ized Stresses: Nx = hE -P ax  
a +  - - D V
R2 M = D(1-?'l) z X 
Q = k2Gh $ + k2Gh ax w  
- 1 1 2  a u  a u  [-] = - a t  cp [ax]  
a u  D i s c o n t i n u i t i e s :  [ax] = K ' c  
P 
a$ a$ [-I = [-I = 0 a x  a t  
where: 
1 / 2  
C 
i f  N boundary cond i t ion  K '  = $- [NxIx = X P 0 
au 
a t  i f  - boundary cond i t ion  
1 
P 
K '  = - - 
0 
1 1 2  C 
K" '  = - S i f  Q boundary c o n d i t i o n  
0 
K2Gh [Q1x = x 
a w  
1 /2[9 jx  = x a t  i f  - boundary cond i t ion  





Problem 13  Conical  S h e l l :  See F igure  2 1  
c1 = cP9  c2  = u1 = u, u2 = $, u3 = w, S 
a2, 1 a 2 u  1 au - h2cot2a a ~ ,  - v cots a w  
a s2  c’W= - S  as 1 2  a s  a s  
Governing Equations : 






1 - -  a2J,  - { 
a t 2  1 OI h2cot2a  
1 2  s2 
a2, 1 a Z w  1 v C O t a  a U  h2vcot2a a$ 
as2 c 2 a t 2  g a s  ( l  + 12 gs2 as - - - - -  - 
) W  
h2cot2a (1 +-- 1 c o t %  +7 g 1 2  52  
+ 3 1 1  J, 
1 
P S 
E h3cota  
Ns = E vh(--)u 1 + ( 2 ) ( l - v )  $ + Ep vh co ta  (-) w 
+ E h z  a u  
P 
E h3vcota E h3vcota 
+ s t a m ) $  
S 1 2  
h2cota  9 E h3vcot2a E h3cota  pi2.i ( $ ) ( s  t ana  - 12s a s  
Q = k2Gh $ + k2Gh aw s 
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D i s c o n t i n u i t i e s :  
[a,] au  = K' s-lI2+ KII s-3/2 
112 [Msls = s 
where 
S 
0 0 i f  N and M are - K' = - E h ' [ N s l s  = s 2(s, tanci - h2cotu)" 
P n i2s boun8ary coi?ditions 
0 
1 1 2  
[uls  = s I ,  i f  E and ?k are  r6 1 c 's 24tanu s = s - h2 S 0 K' = -
0 0 a t  P O  
boundary cond i t ions  
S 3 1 2 [ ~ ~ 1 ~  = 
K" = 0 0 , i f  M i s  boundary c o n d i t i o n  
S 2 E h (s tanci - h2cotci) 
P O  12s0 
1 1 2  
r l i  1 K ' '  = - so 24 c t a m  s = s , if $ i s  boundary cond i t ion  P 0 
WS 112 
C 
, i f  Q is  boundary cond i t ion  KIIf = 
0 
K2Gh ['Is = s 
1 1 2  
S , i f  - a w  i s  boundary cond i t ion  
a t  
K" '  = - 
S 0 
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PROBLEM PACKAGE : 
SUBROUTINE J U M P 1  (X,  D U l X ,  D U l T ,  DUZX, DU2T)  
D U l X  = C / X * * . 5  + K / X * * 1 . 5  
DU2X = 2 4 K '  ' t an  a /h2  /X** .5 
RETURN 
END 
SUBROUTINE J U M P 1 1  (X ,  DU3X, DU3T)  
DU3X = K " '  cs 
D U l T  = -DU1X* C m 
-E 
DU2T = -DU2X* c 
/x**. 5 -1 1 2  
DU3T = -DU3X* cS - 
RETURN 
END 
SUBROUTINE G E C O F F ( I D ,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9), F ( 6 , 3 )  
X = (XA + X B ) / 2 .  
F ( 3 , I D )  = -h2cot2a/12 / X  
D O 1 1  = 2 , 6 , 2  
1 F ( 1 , I D )  = 0 .  
RETURN 
END 
SUBROUTINE GECOFG ( I D ,  XA , XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9 ,9) ,  F ( 6 , 3 ) ,  G ( 6 , 3 )  
X = (XA + X B ) / 2 .  
F ( 1 , I D )  = - 1 . / X  
F ( 5 , I D )  = - v c o t a  / X  
D O 1 1  = 1 , 3  
G ( 4 , I D )  = Q *((l.+Z) /X**2 + 12g /h2)  
1 G(I,ID) = 0 .  
G ( 5 , I D )  = * Q* (g + v/4 * Z) 
G ( 6 , I D )  = 0.  
RETURN 
END 
SUBROUTINE G E C O F H ( I D ,  XA, XB) 
COMMON U ( 9 , 3 0 0 ) ,  Y ( 1 2 , 1 2 ) ,  W(9,9) ,  F ( 6 , 3 ) ,  G ( 6 , 3 ) ,  H ( 6 , 3 )  
X = (XA + X B ) / 2 .  
H ( 1 , I D )  = v c o t  a / g  / X  
H ( 2 , I D )  = 0. 
H ( 3 , I D )  = -1. - h2 v c o t 2  a/12g /X**2 
H ( 4 , I D )  = 0. 
H ( 5 , I D )  = 0. 




APPENDIX C:  PREWRITTEN BOUNDARY CONDITION PACKAGES 
Th i s  appendix c o n s i s t s  of s e v e r a l  packages, each of which inc ludes  a 
subrou t ine  f o r  t h e  s p e c i f i c a t i o n  of a p a r t i c u l a r  f u n c t i o n  of t i m e  a long  t h e  
boundary. No t i ce  t h a t  t h e  "Boundary Conditions T i m e  Funct ions Subrout ine" 
a c t u a l l y  c o n s i s t s  of three"SUBR0UTINES'in t h e  programming sense .  
t h e s e ,  t h e  use r  should s u b s t i t u t e  a boundary condi t ion  package; t h e  f i r s t  t o  
s p e c i f y  b l ,  t h e  second t o  spec i fy  b,, and t h e  t h i r d  t o  s p e c i f y  b3. Thus, a 
complete s p e c i f i c a t i o n  of t h e  Boundary Conditions T i m e  Funct ions  Subrout ine 
c o n s i s t s  of t h r e e  boundary cond i t ion  packages. Each of t h e  fo l lowing  packages 
d e f i n e s  a v a r i a b l e  FL. The use r  should s u b s t i t u t e  e i t h e r  1, 2 ,  o r  3 f o r  L, 
depending upon whether t h e  package i s  being used t o  s p e c i f y  b , ,  b,, o r  b3 
r e s p e c t i v e l y .  I n  some of t h e  packages, i t  i s  necessary f o r  t h e  u s e r  t o  f i l l  
i n  c o n s t a n t s  t o  e x a c t l y  spec i fy  t h e  t i m e  func t ion .  
p r i o r  t o  each package, and as i n  t h e  problem packages, are under l ined  wi th in  
t h e  packages themselves. 
For each of 
Such c o n s t a n t s  are def ined  
I n  t h e s e  packages, t h e  magnitude of t h e  func t ion  i s  assumed t o  be  un i ty .  
I f  a magnitude o t h e r  than  u n i t y  i s  des i r ed ,  merely mul t ip ly  the r igh thand 
s i d e  of t h e  FL s ta tement  by t h e  des i r ed  va lue .  
boundary cond i t ion  involv ing  t h e  s i n e  with amplitude 10.0, then  h i s  FL s ta tement  
i n  t h e  S inuso ida l  package should read  
For example, i f  t h e  u s e r  has  a 
FL = 10. * SIN(ANGLE) 
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Boundary Condition 1: Step: 
Figure C1: Step boundary condition 
SUBROUTINEBCTFL (T , FL) 
F I ' =  1. 
RETURN 
END 
Boundary Condition 2: Ramp: 
Figure C2: Ramp boundary condition 
SUBROUTINEBCTFi(T , F i> 
IF (T - trise> 1, 1,2 
1 FL = T/trise 
GOT 03 




Boundary Condition 3: Sinusoidal: 
Figure C3: Sinusoidal boundary conditio? 
SUBROUTINEBCTFL (T, F L) 
BOP = T/tperiod 
N = BOP 
ZN = N 
FL = SIN(ANGLE) 
RETURN END 
ANGLE = (BOP - ZN) * 6.2831853 
Boundary Condition 4 :  Exponential: 
Figure C4: Exponential boundary condition 
SUBROUTINEBCTFL (T, F i.) 
RAISE = +.69315/thalf 




Boundary Condition 5: Zero: 
SUBROUTINEBCTFL (T , FL) 




APPENDIX D: INSTRUCTIONS FOR WRITING PRINTOUT SUBROUTINE AND USER 
SPECIFIED STRUCTURE AND BOUNDARY C O N D I T I O N  PACKAGES 
Th i s  appendix inc ludes  t h e  i n s t r u c t i o n s  for  w r i t i n g  each of t h e  necessary  
sub rou t ines  f o r  a s t r u c t u r e  o r  boundary condi t ion no t  included i n  t h e  pre- 
w r i t t e n  packages. To use  MCDIT 2 1 ,  f o r  problems no t  p rewr i t t en ,  t h e  fo l lowing  
cond i t ions  on t h e  u s e r ’ s  s t r u c t u r e  must be remembered. 
1. The governing d i f f e r e n t i a l  equat ions of t h e  s t r u c t u r e  must 
be  i n  t h e  form of equat ions  (11-l), (11-2) ,  o r  (11-3). 
The program treats semi - in f in i t e  reg ions  only.  
The i n i t i a l  cond i t ions  u t i l i z e d  by t h e  program are zero .  
2. 
3. 
I n  t h e  d i scuss ion  o f . S e c t i o n s  11, 111, and I V ,  a system of t h r e e  equat ions  
(n = 3) corresponding t o  equat ions  (11-3) was considered.  The u t i l i z a t i o n  of 
MCDIT 21  f o r  problems governed by equat ions  of t h e  form of equat ions  (11-1) o r  
(11-2) i s  s t r a igh t fo rward ,  as i s  now discussed.  
n = 1 st ruc ture-equat ion  (11-1) 
User sets f3...f6, g1. . .g6 ,  and h l . . .h6  a l l  equal  
t o  zero .  
User s p e c i f i e s  u2 = u3 = 0 along t h e  boundary (€or 
a l l  t )  as two of t h e  t h r e e  boundary cond i t ions .  
User s p e c i f i e s  c 
So lu t ion  w i l l  i nc lude  t h e  des i red  s o l u t i o n  f o r  u1 
and i t s  d e r i v a t i v e s ,  as w e l l  as t h e  t r i v i a l  s o l u t i o n s  
f o r  u2 ,  u3 and t h e i r  d e r i v a t i v e s .  
n = 2 s t ruc tu re -equa t ions  (11-2) 
User sets f 3 ,  f , ,  h3 ,  h,, and g1. . .g6,  a l l  equal  t o  zero.  
User s p e c i f i e s  u2 = 0 a long  t h e  boundary ( f o r  a l l  t )  




4 .  
= c2 = wave speed i n  n = 1 problem. 
1. 
2. 
D - 1  
3. User s p e c i f i e s  c1 = l ead ing  wave speed and c2 = second 
wave speed i n  n = 2 problem. 
4 .  Solu t ion  w i l l  i nc lude  t h e  d e s i r e d  s o l u t i o n  f o r  u l ,  u2 ,  and 
t h e i r  d e r i v a t i v e s ,  as w e l l  as t h e  t r i v i a l  s o l u t i o n s  f o r  u 
and i t s  d e r i v a t i v e s .  
2 
I n  t h e  sub rou t ine  d e s c r i p t i o n  which fo l lows ,  n o t i c e  t h a t  most of t h e  
subrout ines  a c t u a l l y  s p e c i f y  more than  one “SUBROUTINE” i n  t h e  programming 
sense. However, t h i s  i s  of no concern i n  t h e  conceptual  view of t h e  program. 
The q u a n t i t i e s  shown below on t h e  l e f t  are r ep resen ted  by t h e  corresponding 
FORTRAN v a r i a b l e s  on t h e  r i g h t .  
dx 
c1 d t  number of -= - 1 l i n e s  a l r eady  evaluated - X L I  
x a t  t h e  po in t  being evaluated - X 
1 1  I1 I 1  t I t  - T  
1 -
ax I 1  11 11 




- U 1 T  
- u2x 
- U 2 T  
11 I 1  11 - u3x a u 3  
ax 
a t  
a u  
ax 
-
I 1  1 1  II - U3T - 
- jump i n  along f i r s t  d i s c o n t i n u i t y  l i n e  - D U l X  
a u  1 
a t  
au 
ax 
11 11 11 1 1  11 -
11 II 11 11 I I  
2 -
I 1  




- along f i r s t  d i s c o n t i n u i t y  l i n e  - DU2T a t  
ax 
a t  
jump i n  
I1 along second - DU3X I 1  11 - a u 3  
a'3 1 1  II I 1  
I' - DU3T 
1 1  1 1  - 
x and x f o r  averaging governing equation a b 
c o e f f i c i e n t s  between two po in t s  - XA and XB 
- F(1,ID).  . .F(6,ID) f , .  . .f 6 
- G(1,ID). . .G(6,ID) 
- H(1,ID). . .H(6,ID) 
- - - -  - -  J - -  - - ~  o c + v 7 n  P V I I U N ~ ~ , ~  P L S  dL,L,l,ticns nf  the con ten t  of each of t h e  u s e r  s p e c i f i e d  
sub rou t ines  (Use Appendices B and C as examples): 
A .  Subrout ines  r ep lac ing  Common S t r u c t u r e  Package 
1. Discon t inu i ty  Value S p e c i f i c a t i o n  Subroutine 
a .  a f o r t r a n  s ta tement:  SUBROUTINE JUMP I (X, D U l X ,  D U l T ,  DUZX, DU2T) 
b.  a series of f o r t r a n  s t a t emen t s  which, a t  i t s  conclusion has 
def ined D U l X ,  D U l T ,  DUZX, and DU2T i n  t e r m s  of X .  
c .  t h e  f o r t r a n  Statements: RETURN 
END 
SUBROUTINE JUMP I1 (X, DU3X, DU3T) 
" 
d.  a series of f o r t r a n  s ta tements  which, a t  i t s  conc lus ion ,  h a s  
de f ined  DU3X and DU3T i n  terms of X .  
e. t h e  f o r t r a n  s ta tements:  RETURN 
END 
2. Governing Equation C o e f f i c i e n t  Values Subrout ine 
a .  t h e  f o r t r a n  s ta tements:  SUBROUTINE GECOFF (ID, M, XB) 
COMMON U(9,300),  Y(12,12), W(9,9), F(6,3)  
X = (XA + XB)/2. 
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b .  a series of fortran statements which, at its conclusion, has 
B.  
defined F ( l , I D ) ,  F ( 2 , I D ) ,  F ( 3 , I D ) ,  F ( 4 , I D ) ,  F ( 5 , I D ) ,  and F ( 6 , I D )  
in terms of X .  
c. the fortran statements: RETURN 
END 
S U B R O U T I N E G E C O F G ( I D ,  XA, XB) 
COMMON U ( 9 , 3 0 0 )  , Y ( 1 2 , 1 2 ) ,  W(9,9>,  F (6 ,3 )  , G ( 6 , 3 )  
X = (XA + X B ) / 2 .  
d. a series of fortran statements which, at its conclusion, has 
defined G ( l , I D ) ,  G ( 2 , I D ) ,  G ( 3 , I D ) ,  G ( 4 , I D ) ,  G ( 5 , I D ) ,  and G ( 6 , I D )  
in terms of X. 
e. the fortran statements: RETURN 
END 
SUBROUTINE G E C O F H ( I D ,  XA, XB) 
COMMON U (9,300) , Y ( 1 2  , 1 2 )  , W ( 9 , 9 ) ,  F (6 ,3 ) ,  
G ( 6 , 3 ) ,  H ( 6 , 3 )  
X = (XA -I- X B ) / 2 .  
f. a series of fortran statements which, at its conclusion, has 
defined H ( l , I D ) ,  H ( Z , I D ) ,  H ( 3 , I D ) ,  H ( 4 , I D ) ,  H ( 5 , I D ) ,  and H ( 6 , I D )  
in terms of X. 
g. the fortran statements: RETURN 
END 
Subroutine Replacing Boundary Condition Packages 
a. a fortran statement: SUBROUTINE B C T F l ( T , F l )  
b. a series of fortran statements, which, at its conclusion, has 
defined F1  in terms of T .  
c. the fortran statements: RETURN 
END 
SUBROUTINE B C T F 2  (T , F2) 
d. a series of fortran statements, which, at its conclusion, has 
defined F2 in terms of T. 
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e. t h e  f o r t r a n  s ta tements :  RETURN 
END 
SUBROTUINE BCTF3 (T , F3) 
f .  a series of f o r t r a n  s ta tements ,  which, a t  i t s  conclus ion ,  has  
def ined  F3 i n  terms of T .  
g.  t h e  f o r t r a n  s ta tements :  RETURN 
END 
C .  P r i n t o u t  Quan t i t i e s  S p e c i f i c a t i o n  Subrout ine 
a .  t h e  f o r t r a n  s ta tement :  SUBROUTINEPRINTO(X, T ,  U 1 ,  U l X ,  U l T ,  U 2 ,  
U2X,  U2T, U3, U3X,  U3T, XLI) 
b.  a series of f o r t r a n  s ta tements  de f in ing  q u a n t i t i e s  ( involv ing  
o r  func t ions  of t h e  12 va r i ab le s  enclosed i n  p a r e n t h e s i s  of 
p a r t  a . )  t o  be p r i n t e d  out  a t  a p a r t i c u l a r  p o i n t .  
For example, i f  t h e  u s e r  d e s i r e s  t o  p r i n t  ou t  t h e  va lues  of 
dx 
1 
x ,  t ,  and au /ax f o r  a l l  p o i n t s  on t h e  f i r s t  20 - = - 1 l i n e s ,  
t h e  sub rou t ine  should inc lude  t h e  fol lowing s ta tements :  
3 FORMAT(lH, 4HX = , E15.8, 2X, 4HT = , E15.8, 2X, 6HU3X = , E15.8) 
3 c d t  
IF(XL1 - 20.) 1, 2, 2 
1 PRINT 3,  X ,  T ,  U3X 
2 CONTINUE 
I f  t h e  use r  d e s i r e s  t o  p r i n t  ou t  q u a n t i t i e s  on ly  a t  s p e c i f i c  
predetermined po in t s  an  appropr ia te  I F  s ta tement  must be used as 
i l l u s t r a t e d  below. I n  t h i s  ca se ,  c a r e  must be taken  s i n c e  t h e  
computer may only c a r r y  4 o r  5 s i g n i f i c a n t  f i g u r e s  i n  a f l o a t i n g  
po in t  r e p r e s e n t a t i o n  of X o r  T .  For example, i f  p r i n t o u t  i s  d e s i r e d  
a t  a l l  p o i n t s  a long  t h e  l i n e  X = .5 ,  and t h e  computed va lues  of X a r e  
c a r r i e d  as X = . 4999 ,  an ord inary  I F  s ta tement  w i l l  no t  cause p r i n t o u t .  




10 Define i n  t h e  sub rou t ine  a number TOL = - and  have t h e  computer 
test  t o  determine i f  t h e  a b s o l u t e  v a l u e  of t h e  d i f f e r e n c e  between t h e  
computer va lue  and t h e  s t i p u l a t e d  p r i n t o u t  va lue  of X o r  T i s  less than  
TOL . 
The fo l lowing  example i l l u s t r a t e s  t h i s  p r i n t o u t  technique.  The 
q u a n t i t y  
s = ( .2 )  u1 + ( .3 )  au2 /a t  
i s  t o  be p r in t ed  o u t ,  t oge the r  w i th  t ,  a t  a l l  po in t s  a long  X ( s p a t i a l  
coord ina te)  = .5  and 1 .0 .  Assume t h e  mesh s i z e  t o  be Ax = .01. The 
p r i n t o u t  q u a n t i t i e s  s p e c i f i c a t i o n  subrou t ine  i s  as fo l lows:  
SUBROUTINEPRINTO(X,TyUlyUlXyUlTyU2,U2X,U2TyU3yU3XyU~Ty~I) 
1 FORMAT(lH, 4HX = ,E15.8,2XY4HT = ,E15.8,2X,hHS = ,E15.8) 
TOL=+O.lE-02 
I F  (ABS (X-. 5) -TOL) 2 , 2 , 3 
3 I F  (ABS(X-l.)-TOL)2,2,4 




Another example of t h i s  sub rou t ine  i s  inc luded  i n  Appendix F. 
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APPENDIX E: CHARACTERISTIC AND CONTINUITY EQUATIONS 
The characteristic equa t ions  used €o r  c a l c u l a t i n g  t h e  v a r i a b l e s  
bv t h e  method of au3  a u 3  U 1 ’  ax 3 at 9 U2’ ax 9 at Y U 3 ’  ax Y and - a t  
au, au, a u 2  au, 
1 , t ’  e t c . ) :  
- u  
au l  a u l  
ax i , ~  a t  
- -  c h a r a c t e r i s t i c s  are as fo l lows  (where - = u 
dx Along - = + 1 c l d t  
d ( u l , t )  + Cld(U1,x) - c l [ f ,  u , , ~  + f ,  u1 + f 3  u2  + f ,  u2+ f 5  u 
YX 3 ,x 
+ f 6  u3]dx 
= o  03-2) 
Along - dx = - 1 
a L  1 




c l d t  - c Along -= + - , r e s p e c t i v e l y  
The c o n t i n u i t y  equa t ions  used f o r  t h e  c a l c u l a t i o n s  a r e  
du. = u d t  i = 1, 2 ,  3 
1 i , x  dx + Ui,t 
along any d i r e c t i o n .  03-51 
The d e r i v a t i o n  of t h e s e  equa t ions  along wi th  t h e  f i n i t e  d i f f e r e n c e  form 
of t h e s e  equa t ions  used i n  t h e  numerical  computations may be found i n  Refs .  1 o r  2 .  
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APPENDIX F: CONICAL SHELL EXAMPLE 
Consider a c o n i c a l  s h e l l  problem wi th  the governing equat ions  given 
under Problem Package 13  i n  Appendix B, and the  fo l lowing  numerical  va lues  
of t h e  c o n s t a n t s  used i n  t h a t  problem. 
a = 45"; h = 0.1; v = 1 f 3 ;  k2 = .87;  c = 1; c P S 
= .53851646; so = 1,4142351 
The boundary cond i t ions  t o  be spec i f i ed  a re :  
= 0, a l l  t a t  b s =  so
which i s  equ iva len t  t o  a c o n i c a l  s h e l l  impacted a t  one end by a f l a t  p l a t e  
w i th  a cons t an t  a x i a l  v e l o c i t y  of one. 
It i s  d e s i r e d  to run t h i s  problem a t  a mesh s i z e  of Ax = .01 f o r  ri = 200 
0 
au au 
as * a t  p o i n t s  and t o  p r i n t  ou t  t h e  v a l u e s  of s , t , u ,  - - 
a w  
a t  - f o r  a l l  p o i n t s  a long  t h e  f i r s t  6 l i n e s .  Also, w e  want t o  p r i n t  ou t  t h e  
a u  aw NS 
v a l u e s  of s , t ,  - - - and i$-- only  a t  p o i n t s  a long  t h e  l i n e s  
t = 1 and t = 2. 
a t  ' a t  ' hE ' hE 
P P P 
F i r s t ,  w e  see t h a t  f o r  a c o n i c a l  s h e l l  we must use  package 13 i n  Appendix 
B. A l l  t h a t  need be done by t h e  use r  i s  t o  c a l c u l a t e  t h e  va lues  of t h e  under- 
l i n e d  c o e f f i c i e n t s  i n  t h i s  package and then  punch t h e  e n t i r e  package where t h e  
numerical  va lues  j u s t  c a l c u l a t e d  are u t i l i z e d  f o r  t h e  r e s p e c t i v e  underl ined 
c o e f f i c i e n t s .  
We then  n o t e  t h a t  t h e  f i r s t  and t h i r d  boundary cond i t ions  are simply s t e p  
f u n c t i o n s  of t i m e ,  and w e  can make u s e  of the  p r e w r i t t e n  boundary cond i t ion  
package 1 i n  Appendix C. 
t i m e ,  p r e w r i t t e n  as boundary cond i t ion  5 i n  Appendix C .  We write t h e  p r i n t o u t  
sub rou t ine ,  'following t h e  i n s t r u c t i o n s  given i n  Appendix D. 
s p e c i f i e d  sub rou t ines ,  as  they  are  read  i n t o  t h e  computer, should appear  as fo l lows:  
The second boundary cond i t ion  i s  a zero func t ion  of 
Thus, t h e  u s e r  
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COMMON STRUCTURE PACKAGE 
S U B R O U T I N E G E C O F F ( I D * X A I X B )  
COMMON U I 9 t 3 0 0 ) t Y ( 1 2 ~ 1 2 ) r W ( 9 r 9 ) r F ( 6 ~ 3 )  
END 
G ( 4 r  ID I = (  1. / A  I * (  1s+@. 33333333E-O2/X**2)  /J XP*2)+0.  3480OOOOE+O3 
G ( 5 r I D ) = ( t @ . 2 9 + 0 . 2 7 7 7 7 7 7 8 E - 0 3 / X ~ ~ 2 ) / ( + O . 8 3 3 3 3 3 3 3 ~ - O 3 * A )  




BOUNDARY CONDITION PACKAGES 
~URRflUTINEBCTFZ(T,F2) 
F2=0. 
R E U  R N 
€NO 




PRINTOUT QUANTITIES SUBROUTINE SPECIFICATIONS 
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T h e  input  d a t a  c a r d s ,  as def ined on page 1 7 ,  should appear as fol lows 
for  t h i s  p a r t i c u l a r  problem: 
+O.OOOOOOOOE+OO+O.OOOOOOOOE+OO+O.OOOOOOOOE+OO+O.OOOOOOOOE+OO+O.OOOOOOOOE+OO 
+0.00000000E+00+0.10000000E+01 
The output  d a t a  obtained w i l l  then  appear as fo l lows :  (The f i r s t  two 
pages inc lude  t h e  p re l imina ry  p r i n t o u t  and t h e  v a l u e s  of q u a n t i t i e s  a t  p o i n t s  
along t h e  f i r s t  s i x  l i n e s .  The t h i r d  page i s  a sampling of t h e  output  of t h e  
f i r s t  fou r t een  p o i n t s  a t  t = 1.0.  The f o u r t h  page i s  a sampling of t h e  output  
of t h e  f i r s t  f o u r t e e n  p o i n t s  a t  t = 2.0.  
F -4 
NUMBER OF P O I N T S  ALONG L E A D I N G  WAVE = 200 ~ 
- XZERO = 0 . 1 4 1 4 2 3 5 1 E  01  _. D E L T A X  0099999979E-02  
t l  = 0.10000CQC'E 0 1  c z  = 0 . 3 3 8 5 1 6 4 6 E - o c  
P ( 0.0 ) * U l X + (  c o r !  ) * U l + (  0.c 1 *u2x+ 
I 000 IW2+( 0.0 I*U3X+( 0.0 1 *u3 
+( 0o10000000E O l ) * U l T  = BOUNDARY CONDITION FUNCTION 1 
,*UlX+( Qrp I * U l + (  0 , o  1 *u2x+ 
I 0-0 
- l 0-0 )*UlX+( 000 )*Ul+{ 000 1 *U2X+I 
I 0.0 )*U2+( 0.0 )*U3X+( 0.0 P u 3  
)*U2+( 0.0 )*U3X+( 0 . 0  )*U3 - C a p  
+( 0.10000000E 01)*U2T = BOUNDARY CONDITION FUNCTION 2 
+( 0.10000000E 01)*U3T = BOUNDARY CONDITION FUNCTION 3 
9014242344E 01 0. Cl@qQ9Q?9c-02 00 9 
00 70462076 f  07, 0,o 4.0 
00 0 0. n 00 0 
O o l 4 7 4 2 3 4 6 F  01 
uo- 
00 0 
00 14247344F 01 
0. r05  ro7TF-T-u 
-O0f30280457F-O? 
Oe14442348F 01 
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